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INTRODUCTION 
It is the purpose of this paper to study the theory of “harmonic functions” 
arising from a class of operators which, instead of being local operators like the 
Laplacian, are global in character. We shall refer to these operators as “general- 
ized Laplacians” and will study their properties in the framework of the Dirichlet 
spaces developed by Beurling and Deny in [2]. Of course, our “harmonic 
function” theory will be global in nature, as opposed to theories such as that of 
Brelot in [3]. 
Speaking formally, and leaving the precise details to the text of the paper, we 
shall consider operators which have (in some generalized sense) the form 
(9 T44 = Jsm (44 - W) K(x, 39 4h 
where E” is m-dimensional Euclidean space and K(x, y) is a kernel with a very 
strong singularity on the diagonal x = Y. For example, as we shall see later, an 
important special case is K(x, Y) = 1 x - y j--a-m, where 0 < a < 2. With such 
a strong singularity, the integral in (i) will not exist in the strict sense but can be 
interpreted in a generalized sense. 
In order to appreciate the genesis of our concepts, one should refer back to the 
work of Riesz in [II]. We shall therefore proceed to sketch briefly some of the 
highlights of the aforementioned work. 
For any positive constant a, the operator la is defined by the formula 
1 
(ii) I”(X) = H,(a) Pf(Y) I X - Y P dYs 
f 
where H,(a) is a constant depending on a and the dimension m and f is any 
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function which makes the preceding integral absolutely convergent. Ia possesses 
the following two properties. 
(iii) Ial”f(x) = I”+bf(x), a, b > 0, a + b < m, 
(iv) -dl”+2f(x) = laf(x). 
If f is continuous at x, we may define IOf by passing to the limit and we 
obtain Iof = f(x). 
According to (iv), I2 is in some sense the inverse of d. Indeed, formally we 
have -APf = f, and Pf formally solves the Poisson equation. This formal 
solution, under certain conditions, is more than just formal. Up to the multi- 
plicative constant H,(2)-l, 12f is precisely the Newtonian optential of f. As 
shown by Helms [lo, p. 1221, if f is a bounded continuous Lebesgue integrable 
function on Em, then the Newtonian potential off solves the equation 
(v) if24 = -&f, 
where K~ is a constant depending on dimension and d” is the generalized Lapla- 
cian as defined in [lo, p. 651. If u has continuous second partials, the Au = h. 
We can easily generalize the concept of the operator I”. Indeed, considering a 
such that 0 < a < 2, Riesz considers functions of the form 
(4 44 = IF I x - Y Pm 44Y), 
where p is an arbitrary measure. Calling such functions potentials, Riesz con- 
structs a theory of potentials. His theory includes a theory of capacity, a 
minimum principle, construction of a Green’s function, construction of a Poisson 
integral for a ball, balayage and other concepts regarded as in the domain of 
potential theory. 
The Poisson integral of Riesz merits particular attention. Let B be an open 
ball. Riesz defines a kernel JJx, y) on B x BC which has the property that if u 
is a potential generated by a measure which is supported on Bc, then for any x 
in B, 
(vii> 44 = 1 4~) J&Y) dye 
In (vii), the global nature of the situation is clear; u is determined by its values 
on the complement of B. The complement plays a role analogous to that of the 
boundary in the classical Poisson integral. 
In the Riesz theory, the operator I--(I) 0 < a < 2, can be shown to be formally 
of the type given in (i), with K(x, y) = C * / x - y l-a-m, C a constant. This 
class of operators is included in our general theory. 
In this paper we shall first study some properties of potentials, that is, solu- 
tions of the equation Tu = p, where p is a Radon measure. We shall then go on 
to the most important aspect of our work, the study of functions which are 
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“harmonic” on a bounded domain D, that is, solutions of the equation Tu(x) =.: 0 
for .r: in D. Kate that the operator Tinvolves the values of u on DC as well as those 
on D itself. The “Dirichlet problem” in our setting is: given f defined on DC 
(f belonging to some suitable class of functions), to find a function u which is 
harmonic in D and which coincides with f on DC. Solution of such Dirichlet 
problems is included in our theory. 
Since all of our work is carried on in the Dirichlet space contact, we shall 
usually be studying analogues to the classical situation of harmonic functions on 
D with finite Dirichlet integrals. Such functions have been considered by Doob 
in [6]. Indeed, we shall prove an analogue to the main Doob theorem for such 
harmonic functions. 
In a certain sense, the key theorem in the paper is the general uniqueness 
theorem, Theorem 5.1, This theorem gives conditions under which a harmonic 
function in D will vanish identically if it vanishes on the complement of D. 
1. PRELIMINARIES 
The purpose of the present section is to list the results from the theory of 
Dirichlet spaces which will be referred to in the paper. We begin by giving the 
notation which we will be using. It should be noted that all functions are assumed 
to be real-valued. 
If X is a topological space, C,(X) will denote the continuous functions on X 
whose supports are compact. If F C X, F will denote the closure of F and IF will 
denote the characteristic function of F. If 9 is any collection of functions on X, 
then F-f will be the set of nonnegative elements of 9. If u and v are two functions 
on X, then u A z1 will denote the minimum of u and ‘u. Em shall be used exclu- 
sively to denote m-dimensional Euclidean space. 
The notation (Y, J.@, y) will be used to denote a measure space 1; with a 
u-algebra A and a mesure y on M. Y will always denote Lebesgue measure. 
Unless otherwise indicated, the notation “a.e.” will refer to “almost everywhere 
with respect to Lebesgue measure.” We will write “a.e. (y)” to refer to “almost 
everywhere with respect to y”. Whenever we write “Su dx”, it will be assumed 
that the integration is over Em. If D is an open subset of Em, we shall write D, to 
denote the set {x E D: 1 x - y j > Y for any y E DC}, whenever Y > 0. By a 
regularizing sequence, we shall mean a sequence of positive test functions a, on 
Em such that supp a, C B(0, I/ tl an such that la, dx = 1 for all n. We shall ) d 
write u jr v to denote the convolution of two functions u and s. Finally, if N is a 
subset of Hilbert space H, then N-’ will denote the set of elements of H which 
are orthogonal to N. 
We now list the fundamental definitions and propositions concerning DirichIet 
spaces as given by Beurling and Deny in [2] or by Deny in [4]. Definition 1.2 
is stated in the form given in [2]. A slightly different form is given in [4]. 
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DEFINITION 1 .l. A normalized contraction, S, is a transformation of the 
complex plane into itself such that S(0) = 0 and such that j Sz - SW 1 < 
1 x - w 1 for all x and w. 
DEFINITION 1.2. Suppose h is a positive Radon measure on a locally compact 
Hausdorff space X such that X(V) > 0 for any non-empty open set V C X. A 
h-Dirichlet space is a Hilbert space LB of functions on X which are locally 
integrabIe with respect to h and which satisfy the following three axioms. 
that (i) F 
or any compact set F C X, there exists a positive number A(F) such 
s IuId~G4F)IIuII F 
for any u EL%‘. 
(ii) 9 n C,(X) is dense in both 5B and C,(X). 
(iii) For any normalized contraction S and for any u E 9, Su EL@ and 
IIW dll4l* 
LEMMA 1.1. Suppose f is a bounded measurable function on X which has 
compact support. Then there exists a unique element u, E G3 such that 
JOY any u E 9. u, will be called the potential generated by f. 
DEFINITION 1.3. A function u in a real Dirichlet space 9 is a potential if 
there exists a Radon measure TV on X such that 
(~9 g> = j-g dp 
for every g E 9 n C,(X). We call p the measure associated with the potential u. 
DEFINITION 1.4. A pure potential is a potential whose associated measure is 
positive. 
LEMMA 1.2. Pure potentials are nonnegative. Moreover, if M+ denotes the 
space of nonnegative elements of Lm(X) with compact support, then the set of 
potentials generated by the functions in M+ is dense in the set of pure potentials 
relative to the norm of 9. 
THEOREM 1.1. Condensors Theorem. Suppose V, and V, are two open sets 
in X with disjoint closures, V, being bounded, and 9 is a A-Dirichlet space on X. 
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Then there exists a real potential u, with, assciated measure CL, satisfying the 
following properties 
(i) 0 < u, < 1 a.e. [A]. 
(ii) 24, = 0 a.e. [A] on V, . 
24, = 1 a.e. [A] on V, . 
(iii) t~f lies on V, and TV- lies on V, . 
THEOREM 1.2. If u and v are pure potentials in a Dirichlet space 9, then IL A v 
is a pure potential. 
THEOREM 1.3 (Balayage Theorem). Suppose u, is a pure potential with 
associated measure p and V is an open set. There exists a pure potential uE with 
associated measure 4 such that 
(i) 5 lies on 7 and j df < s dp. 
(ii) uE = u, a.e. [A] on V. 
(iii) uE < u, a.e. [A]. 
Furthermore, suppose NV is the class of elements in the Dirichlet space .9 which 
vanish on V. Then ug is the projection of u, into Nyl. 
LEMMA 1.3. Suppose v is an element of the Dirichlet space 9. Let u be the 
unique element of minimum norm such that u >, v a.e. [A]. Then u is a pure potential. 
DEFINITION 1.5. Let 9 be a Dirichlet space on X and suppose V is an open 
subset of X. We define the capacity of V as follows. If there does not exist a 
function u ~9 which is greater than or equal to 1 a.e. [A] on V, then we define 
the capacity of V to be +co. Otherwise we define 
cap(V) = inf{li u lj2: u E 9 and u > 1 a.e. [A] on V}. 
DEFINITION 1.6. For an arbitrary subset E of X, we define the exterior 
capacity of E to be the infimum of the capacities of all open sets containing E. 
THEOREM 1.4. Suppose u, is a pure potential with associated measure TV and V 
is an open subset of X. Then we have 
f v + G II u, II . kapPY2. 
In particular, if E is any subset of X which is of zero capacity, p(E) = 0 fw any 
measure t.~ which is associated with a pure potential. 
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DEFINITION 1.7. A statement is said to hold quasi-everywhere on a subset E 
of X if the statement holds everywhere on E except for a set of capacity zero. 
We use the abbreviation q.e. in place of quasi-everywhere. 
It should be noted that Theorem 1.4 implies that if a statement holds q.e., 
then it holds a.e. b] for any measure TV which is associated with a pure potential. 
DEFINITION 1.8. A function f defined on X is siad to be quasi-continuous 
if for every Y > 0, there exists an open set V C X with capacity less than r and 
having the property that the restriction off to Vc is continuous. 
THEOREM 1.5. Suppose f is a quasi-continuous function such that f < 0 a.e. [A] 
on X. Then we have f < 0 q.e. on X. In particular, if f = 0 a.e. [A] on X, then 
f = 0 q.e. on X. 
The preceding result is given by Deny [5, pp. l-81. 
THEOREM 1.6. Let 9 be a A-Dirichlet space on X. For any element u E 9, 
there exists at least one quasi-continuous representative of u. If u* denotes such a 
representative, then U* is called a refinement of u and u* satisfies the following 
conditions. 
(i) u* = u a.e. [A] and u* vanishes outside of some a-compact set. 
(ii) There exists a sequence (V,J of open sets such that V,,, C V, , 
cap( V,) -+ 0 and u* is continuous on Vnc for all n. 
(iii) Suppose u, is a pure potential in 9 with associated measure TV. Then u* 
is measurable with respect to p and 
@*I uu) = I’ u* dp. 
(iv) If u** is another rejnement of u, then U* and u** d&r only on a set 
having zero exterior capacity. 
The following definition is given by Fukushima [8, p. 621. 
DEFINITION 1.9. Suppose (X, L&?, y) is a measure space on a HausdorR 
space X with the topological Bore1 field 9’. A function space (9, (., -)r) is 
called a Dirichlet space relative to L2(y) if the following conditions are satisfied. 
(i) 5 is a non-empty linear subspace of L2(r) and (., .)x is a nonnegative 
symmetric bilinear form on .P=. 
(ii) For every (Y > 0, 9 is a real Hilbert space with inner product given 
bY 
(u> 9x., = (u, v>x + a s, uv dy, 
where two functions are identified if they are equal a.e. [y] on X. 
409/63/3-s 
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(iii) If S is a normalized contraction and u E 9, then Su E 9 and 
(Su, Su), < (u, zqX . 
We will often refer to the space (9, (., .)X,J as a Dirichlet space relative to 
L2(y). This should cause no difficulty since the situation will always be clear 
from the context. 
We shall now describe a theorem of Doob, Theorem 1.7 [6, p. 5911. We include 
the result for reference, since in Theorem 6.5, we shall give an analogous result 
which holds in our global situation. For a complete discussion of Theorem 1.7, 
one should refer to [5]. We shall only include a brief sketch. 
Let R be a bounded domain in Em, m >, 2, with Martin boundary RM and 
denote harmonic measure on RM relative to [ by ~(5, .). For any function u’ on 
RM which is measurable with respect to harmonic measure, we define D’(u’) by 
where q is a constant depending on the dimension of the space, & is a specified 
reference point of R and 0([, 7) is a kernel due to Naim. A brief discussion of 
e(.$, 7) is given by Doob in [6]. We now state Theorem 1.7. 
THEOREM 1.7. Let u be a harmonic function on the bounded domain R. Let 
D(u) represent the Dirichlet integral of u. Then if D(u) isfinite, u has ajne boundary 
function u’ and D(u) = D’(u’). Conversely, if u’ is an arbitrary measurable function 
on RM with D’(u’)Jinite, then u’ ELM and if u is the Dirichlet solution for the 
boundary function zi, D(u) = D’(u’). 
The following general results will be used in the dissertation. They are listed 
here for general references. 
LEMMA 1.4. Suppose (X, A, y) is a a-finite measure space. If {gj} is a sequence 
in L2(y) with Ij gj II2 < M for allj and with gj ---f 0 a.e. [y], then for any f E L2(y), 
li,mJ gj-fdy=O. 
X 
LEMMA 1.5. Suppose (X, A, y) is a o-jkite measure space and {fi} is a 
sequence of functions in Ll(y) with the following properties. 
(i) lim,fi(x) = f(x) a.e. [y]. 
(ii) There exists a sequence {gj} in L’(y) which converges to a functiong E Ll(y) 
and such that 1 fj(x)I < 1 gj(x)l a.e. [y] for any j. 
ThenfELl(y)andfj-+finLl(y). 
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LEMMA 1.6. Each positive linear form on Ccm(Em) is continuous and has a 
unique extension, which itself is a positive linear fmm, to CJE”‘). 
Lemma 1.6 may be found in [12, p. 2511. 
THEOREM 1.8. A positive distribution is a positive measure. 
The preceding result may be found in [13, p. 291. 
LEMMA 1.7. Suppose (X, &!,I*) is a u-finite measure space and {h,) is a 
sequence of finite signed measures on .eV such that h, is absolutely continuous with 
respect to p for any n and such that lim,,, &,(E) exists and is jnite for WHY 
E E &I. If we dejine 
X(E) = ;i h,(E) 
for every E E JH, then h is a jkite signed measure and h is absolutely continuous 
with respect to II. 
A proof of the preceding lemma may be found in [9, pp. 169, 1701. 
2. THE DIRICHLET SPACE .9,, 
Throughout the enitre paper, K(x, y) will be a nonnegative, symmetric, 
Lebesgue measurable kernel on Em x Em which is not identically zero. We 
will assume that K(x, y) satisfies the following three axioms. 
(Kl) There exists a sequence of nonnegative symmetric kernels &(x, y) 
on Em x Em, each being continuous and having compact support, such that K, 
increases to K. 
(K2) For every e > 0, the essential supremum of the set {K(x, y): 
j x - y 1 > C} is finite. 
(K3) For every compact subset F of Em x E”, 
II lx-yjzK(x,y)dydx<+oo. F 
Throughout the paper we will also be considering an open set D in Em with 
compact closure. We will assume that D is chosen so that the minimum of the 
set {SD0 K(x, Y) aY: x E D} is greater than zero. Axiom Kl insures that the set 
has a minimum. 
DEFINITION 2.1. For any measurable function u defined on Em, we define 
the Dirichlet semi-norm of u by 
II u II2 = ;t j-j- I 44 - u(r>l” K(x, Y) dr dx. 
614 EDWARD DOUGHERTY 
The space of functions defined a.e. on Em and having finite Dirichlet semi-norm 
is a semi-inner product space. Without exception, 11 // and (., .) will refer to the 
semi-norm and semi-inner product of this space. 
Axiom K3 insures that all continuously differentiable functions with compact 
support have finite Dirichlet semi-norm. 
DEFINITION 2.2. For each point x in D, we define m(x) by 
m(x) = J fqx, Y) dY. 
DC 
Furthermore, for every positive integer n, we define m,(x) by 
By axiom Kl, m, is bounded and continuous on D for all n and m, increases 
to m. By our choice of D, the minimum of m is greater than zero. 
LEMMA 2.1. If u has compact support in D and u has jinite Dirichlet semi- 
norm, then 
II u II2 = 4 IID, I 44 - u(r)l” G,Y) 4 dx + ID u2m b. 
Proof. Just note that u vanishes on the complement of D and use the fact 
that K(x, y) is symmetric. 
By Lemma 2.1, when restricted to functions having compact support in a, 
the Dirichlet semi-norm becomes a norm, which we call the Dirichlet norm. 
As usual, we are identifying functions which are equal a.e. 
COROLLARY 2.1. m(x) is jinite for almost all x in D. 
Proof. For every test function g, 
s g2mdx < +a. D 
DEFINITION 2.3. We define two spaces of functions on D. 59r will denote the 
space of functions with finite Dirichlet norm which vanish outside D. LB0 will be 
the space formed by completing the class of test functions on D with respect to 
the Dirichlet norm. 
DEFINITION 2.4. Suppose (X,SY) is a measurable space. Furthermore, 
suppose that p and y are positive measures on .99 with p absolutely continuous 
with respect to y, and suppose that ,u is finite. If R(x, y) is a nonnegative 23 x B- 
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measurable kernel on X x X, then for any g-measurable function II, we define 
NR(u, 4 by 
We let 9(X, R, CL, y) denote the space of functions for which NR(u, u) is finite. 
9(X, R, CL, y) is an inner product space and for any U, v E 9(X, R, CL, y), NR(u, v) 
denotes the inner product of u with U. NR(u, u)l12 will be called the R-norm of u. 
Lastly, we will assume that the measures y and R(x, y) dp( y) dp(x) are u-finite. 
It is of interest to note that neither the finiteness of p nor the u-finiteness of y 
and R(x, y) dp(y) dp(x) is used in the proof of Lemma 2.2. 
LEMMA 2.2. &2(X, R, p, y) is complete. 
Proof. Suppose {zI,} is a Cauchy sequence in .9(X, R, CL, y). There exists a 
function w in L2(y) such that v, converges to w inL2(y). Therefore there exists a 
subsequence {v$} which converges to w a.e. (y) and hence converges to w a.e. 
(CL). An application of Fatou’s lemma to the R-norm of Vet - v,~ yields the 
result. 
COROLLARY 2.2. Letting L2(m) denote the L2-space on D genetated by the 
measure m(x) dx, we have go C aI C L2(m) C L2(D). Moreover, go and aI are 
both complete function spaces. 
Proof. Since m(x) has a positive minimum, L2(m) CL2(D). The other con- 
clusions follow immediately from Lemma 2.2 since G@r = 9(D, K, dx, m(x) dx). 
THEOREM 2.1. If S is a normalized contraction and v, convegres to v in 
9(X, R, p, y), then there exists a subsequence {v,,,> such that Svnj converges to Sv 
in R-norm. 
Proof. The contraction property, 
I Sv(x) - MY)l < I 44 - V(Y)1 > 
implies that Sv, and Sv have finite R-norm. Since v, converges to v in R-norm, 
V~ converges to v in L2(y) and there exists a subsequence {v,J such that v~, 
converges to v a.e. (y). The contraction property implies that Sv,,, converges to 
Sv a.e. (y) and hence a.e. (p). Furthermore, 
implies there exists a constant M such that 
N,(Sv,? - Sv, Svnj - SV)~‘~ < M 
40916313-6 
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for all j. Applying Lemma 1.4 to the space X x X, the measure R(x, y) dp( y) 
C+(X) and the functions gj and f, where gj and f are given by 
and 
f(% Y) = w4 - WY) 
respectively, we obtain 
A similar application of Lemma 1.4 implies that 
li? J” (SUnj(X) - Sv(x)) Sv(x) dy(x) = 0. 
X 
Therefore we have 
lim N,(Sv, SV,~ - Sv) = 0. 
j 
We shall now demonstrate that 
IiF NR(Svy , Sv*J = Ns(SzI, Sv). 
First we apply Lemma 1.5 the space X x X, the measure t.~ x p and the func- 
tions fj , g, , f and g, given by 
f&G Y) = W&> - S%j(YN2 %% YIP 
g&9 Y) = h&) - %j(YD2 J+, Y>9 
f(%Y) = W(x) - WYN2 R&Y) 
and 
g(x, Y) = (44 - V(Y)12 R(x, Y) 
respectively. It should be noted that by the Schwarz inequality, we have 
II xx 
) gj - g 1 dp dp d N~(vnj - V, V,j - V)1’2 NR(V,~ $ 0, V,j $- V)1’2 
and that the last expression tends to zero as j tends to infinity. Therefore, by 
Lemma 1.5, we have 
lim 
ss j XX 
(SVnj(X) - Sv,j( Y>>” R(x, Y) d&Y) 44x) 
-J-I 
- x x (W4 - WyN2 Ws Y) 40) 444. 
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The proof will be completed upon showing that 
Indeed, 
I X 
IWY - (Sv,J2 I dr 
< NR(V - vnj ) v - v,j)*‘2 (N&J, zy2 + N&$ , vq2), 
and this last expression tends to zero as j tends to infinity. 
COROLLARY 2.3. Suppose Y is a s&space of 9(X, R, TV, y) which is preserved 
under normalized contractions. Then the closure of 9 in 9(X, R, CL, y) is a Dirichlet 
space relative L2(y). In particular, 9(X, R, p, y) is itself a Dirichlet space relative 
to LE(y). 
Proof. Condition (i) of Definition 1.9 is immediate, condition (ii) follows 
from Lemma 2.2 and condition (iii) follows from Theorem 2.1 since Y is 
preserved under normalized contractions. 
COROLLARY 2.4. g1 is a Dirichlet space relative to L2(m). 
Proof. T& = g(D, K, dx, m(x) dx). 
LEMMA 2.3. Suppose v is an element of 9(X, R, p, y) and suppose that fw 
any II, S,, is a normalized contraction. If S,v converges to v a.e. (y), then S,,v 
converges to v in R-norm. 
Proof. Since IVR(Snv, S,v) < IVs( v v , ) f or all n, S,v has finite R-norm and 
NR(Snv - a, S,v - v) < 2iVs(v, v). Application of Lemma 1.4 yields 
lip NR(Snv - v, v) = 0. 
By dominated convergence, 
li,m NR(Snv, S,v) = NR(v, v) 
and the result follows. 
THEOREM 2.2. go is a Dirichlet space. 
Proof. Let p be the minimum of m(x). If F is a compact subset of D, then 
for u in go , 
I I u I dx < (P-‘@>)“” II u II . F 
Moreover, C,(D) n 5+,, is dense in both go and C,(D) by definition of 9s. As 
seen earlier, if S is a normalized contraction and u is an element of .zP~ , then 
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I’ su j( < ‘( u Jo , Therefore we need only show that Su is an element of 9~s. 
Since S,, is the closure of the space of test functions on D, by Theorem 2.1 
it suffices to consider the case where u is a test function. 
Let g be a test function on D. Since 1 Sg ; < 1 g : , Sg has compact support in 
D. Let {ukj be a regularizing sequence and let g k --= a,,Sg. For sufficiently large k, 
the support of g, is a subset of D. Furthermore, gk converges to Sg. Let v = Sg. 
Then we have 
By axiom K3 this last expression is locally integrable with respect to K(x, y). 
Hence, since g has compact support, we may apply dominated convergence to 
show that jj g, iI2 converges to 11 v /12. S imilar reasoning shows that (g, , 7~) con- 
verges to /j ZI 112. Similar reasoning shows that (gic , ZJ) converges to /I z1 /j2. There- 
fore gr converges to ‘u in Dirichlet norm. 
DEFINITION 2.5. For every positive integer n and for every locally integrable 
function u, we define T,u by 
THEOREM 2.3. Suppose u is dejned on En” and u hasjinite Dirichlet semi-norm. 
Furthermore, suppose that for every positive test function g on D, lim, JgT,,u dx 
exists and this limit is nonnegative. Then there exists a positive measure TV such that 
liTjogT,udx -Jbgdp 
for any test function g on D. The measure p is jkite on compact subsets of D. 
Proof. For any test function g on D, define L(g) by 
L(g) = li,m j gT,u dx. 
L is then a positive linear functional on C,(D). According to Lemma 1.6, L is a 
continuous functional. Theorem 1.5 now implies the result. 
3. POTENTIALS IN 9,, 
In the present section we develop the theory of potentials. We use Definition 
1.3 as the basis for our theory. We first note that Lemma 1.1 can be extended to 
any function f in L2(D). 
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LEMMA 3.1. If f is in L2(D), then there exists a potential u, generated by f 
such that 
(v, ur> = jD vf dx 
for every v in gO . 
Proof. The natural injection of 9s into L2(D) is continuous. 
THEOREM 3.1. Suppose g,, is a sequence of integrable functions on D which 
increases a.e. to an integrable function g. If g and g, have potentials u, and ugn 
respectively, then ugn increases to U, a.e. 
Proof. First suppose g, is nonnegative for all n. By Lemma 1.2, the uBn 
are increasing. Let w = lim, u, . Then w < u, . 
Let ui denote the potential geierated by the characteristic function of D and let 
ui* be a quasi-continuous representative of ur . Then 
s w dx = lim ~1% dx n s us, dx = lim(ugn, 24r) = lim n n I 
=ju,*gd~=(u,,u~*)= 
s 
u, ax. 
Since w < u, , the last equality implies that w = u, a.e. 
If the g, are not all nonnegative, consider g, -g, and use the linearity of 
potentials. 
LEMMA 3.2. Suppose u and v are elements of LB1 . TIaen 
(u, v) = liy 1 uT,v dx. 
Proof. For any n, we have 
SI I $4 ($4 - V(Y)) Kn@> rl 4 dx 
< [ jD 44" dx j K(x, Y) dq.]“’ II v II - 
Since u is in L2(D) and K,(x, y) is bounded with compact support, this last 
expression is finite. Therefore we may apply Fubini’s theorem to obtain 
ss W) - U(Y)) (44 
- v(y)) K,(x, y) dy dx = 2 j uT,,v dx. 
Since j U(X) - u(y)/ * 1 V(X) - v(y)1 K(x, y) is integrable and K,, < K, domi- 
nated convergence yields the result. 
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DEFINITION 3. I . Suppose u is locally integrable on Em and p is a Radon 
measure. We say that u satisfies the equation Tu -= p on D in a generalized 
sense if for every test function g on D, 
g T,u dx :=: 
.I‘ g 4. D 
The equation Tu = p is our generalized Poisson equation with -T being 
our generalized Laplacian. It should be noted that T is actually analogous to --d 
and not to d. This change of sign has been made so that our results agree in sign 
with those of Beurling and Deny in [2]. 
According to Lemma 3.1, a potential is an element u of 9s which satisfies the 
equation Tu = TV on D. Indeed, if u is a potential with associated measure t.~, then 
for every test function g on D. Hence the concept of potential given in Definition 
1.3 agrees with the concept that one obtains from the introduction of a general- 
ized Laplacian. Lemma 3.3 answers the question of when the last equation holds 
for all elements of g0 , not just test functions. 
LEMMA 3.3. Suppose u, is a potential in 9,, with associated measure TV. Then 
the equation 
(u, uu) = j u dcL 
holds for every element u in 9o if and only if u is absolutely continuous with respect 
to Lebesgue measure. 
Proof. If the above equation holds for every element in 9s and E has 
Lebesgue measure zero, then 
0 = (IE,u,) = jIEdp =I1(E). 
Conversely, suppose TV is absolutely continuous with respect to Lebesgue 
measure and u is an element of 9s . Letting u* be a quasi-continuous representa- 
tive of u, we have 
(u, uJ = (u*, uJ = i 
u* dp = 
s 
u dp. 
THEOREM 3.2. Let p and q be conjugate exponents such that p, q > 1. Suppose 
fi converges to f in L?‘(D), fj has a potential ufi fm each j and there exists a positive 
constant M such that 11 I+, Ijp < M for all j. Then the sequence {u,$ converges in 
Dirichlet norm. Furthermore, if fj ELM with II fj [lm < MI for all j, then uYj 
converges to u, in Dirichlet norm. 
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Proof. We have 
II ufj - ufi II2 = j urj-ri - (fi -fi> dx < 2~4 llh -fi 112, . 
Therefore (Us,> converges in 9s . Let w denote the limit of the u$$ in 9s and let et 
be a arbitrary element of 9,, . Since fj converges to f in LP(D), there exists a 
subsequence (f,} converging to f a.e. Since Ij fi /Im < Mr for allj, by dominated 
convergence, 
(w, V) = li$ufjm , V) = li,m s vfji, dx = 1 vf dx. 
As seen previously, go , being a subset of L2(m) is a space of functions. These 
functions are, however, actually equivalence classes of functions which are 
equal a.e. In order to develop the theory of the Green’s function, we will make 
the following assumption. We will assume that for every essentially bounded 
function f on D, there exists a continuous representative in the class of functions 
represented by uY, the potential generated by f. This assumption will remain in 
effect henceforth. It should be noted that this condition is true in the case of the 
kernels K,(x, y) = j x - y l--1)2--a, 0 < a < 2. 
DEFINITION 3.2. If f ELm(D), then cf will denote the continuous represen- 
tative of u, . 
If E is a measurable subset of D, we will usually write uE instead of u,~ . 
THEOREM 3.3. Let x be a point of D and for any measurable subset E of D, let 
&E) = &(x). Then pLz is a measure which is absolutely continuous with respect to 
Lebesgue measure. 
Proof. Suppose v E C,(Em). Define 
X,(E) = j” vi& dx. 
The linearity of potentials implies that A, is finitely additive. Suppose that E1 , 
E 2 >'a* are disjoint with E = l& Ej . Let F, = uFzl Ej and suppose that o is 
nonnegative. Since ti, n increases to z1, a.e., 
gl h,(Ej) = lit;” &(F,J = lip 1 vzZp, dx = h,(E). 
Therefore A, is countably additive. If v is not nonnegative, write v = vf - VI-. 
A, is absolutely continuous with respect to Lebesgue measure, since v(E) = 0 
implies ti, = 0. 
Now pick vn(*, x,,) E CO(Em) such that 
(i> J w,dt, 4 dt = 1, 
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(ii) lim, Jvn(f, xo)f(f) df T f(xO) f or any j which is continuous at x0 . 
Let h,(E) be defined by 
X,(E) = j- 0,(x, x0) d,(x) dx. 
By (ii), lim, A,(E) = a,(~,). Th ere ore . f by Lemma 1.7, pro = z?s(xO) defines 
a measure which is absolutely continuous with respect to Lebesgue measure. 
LEMMA 3.4. For any simple junction s, 
i s dpz = as(x). . 
Proof. If s = Cj”=, ajIA, , then 
LEMMA 3.5. For every jcLm(D), 
uf(x) = 1 jdpe a.e. 
Proof. Suppose j is nonnegative. Choose a sequence of nonnegative simple 
functions s,, which increase to j. Then for almost all X, 
For any j which is not nonnegative, write j = j+ - j-. 
THEOREM 3.4. There exists a jointly measurable function G(x, y) such that 
for all j E L*(D), 
uf = f(r) G(*, Y) dy s a-e. 
G(x, y) is called the Green’s function for D. 
Proof. By a theorem of Austin et al. [I, p. 5371, in which they employ a 
method developed by Doob in [7], there exists a jointly measurable density for 
p,J.). We let G(x, y) denote this density. A direct application of Lemma 3.5 
completes the proof. 
LEMMA 3.6. Let F be a measurable subset of D. Then 
a.e. 
In particular, G(x, y) = G(y, x) a.e. (v x v). 
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Proof. Let E be a measurable set. Then 
jEjF G(Y, 4 dr dx = jFjE G(Y, 4 dx dr = s, G(Y) 41 
= (& , &) = f E h-(x> dx. 
Since fiF = SF G(., y) dy, we obtain the result. 
COROLLARY 3.1. For any f E L”(D), 
uf = f(r) WY, -1 dj s ax. 
Proof. Suppose f is nonnegative. Pick a sequence of nonnegative simple 
functions s, which increase to f. Define V, by 
Vn = 1~: j 4~) G(Y, 4 4 = f4n(x)j . 
Let V denote the union of the V, . The Lebesgue measure of Vc is zero. Further- 
more, for any x in V, 
s f(y) WY, 4 dx = li,m %,(4. 
Since ti,, increases to u, a.e., the result follows for nonnegative f. If f is not 
nonnegative, write f = f + -f -. 
Noting that for any point x in D, G(x, .) > 0 a.e. on D, we make the following 
definition. 
DEFINITION 3.3. For every point x E D and for every y E fsc, we define 
P(x, Y> by 
P(x, y) = j G(x, 4 K(y, 4 dz. 
D 
P(x, y) is called the Poisson kernel for D. 
For a fixed point y in DC, we will often write K,(x) for K(x, y) and treat KV 
as a function on D. By axiom K2, K, is essentially bounded on D and we 
have P(x, y) = u,“(x) for almost all x. 
We will now examine conditions under which potentials of bounded functions 
are themselves bounded. 
LEMMA 3.7. Tke following conditions are equivalent. 
(i) f EL-(D) impZies u, EL-(D). 
(ii) ur eLm(D). 
(iii) Tkere exists a constant C, independent off, suck that (1 u, Ijrn < C 11 f /jm 
for any f E L”(D). 
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Proof. Condition (i) implies (ii), and condition (iii) implies (i), trivially. 
We show that (ii) implies (iii). Suppose ur < M a.e. and 0 <f < N a.e. Then 
we have 0 < I.+ < uN = Nu r < A&V a.e. If f is not nonnegative, just consider 
f =f+ -f-. 
The boundedness of potentials of bounded functions is closely related to the 
potential of the function m. If m has a potential u, in B,, , as a functional on 
9s n C,(D), u, will equal 1, or more precisely, U, will equal ID . Indeed, if v 
is an element of 9,, n C,(D), then 
(ID , v) = 1 vm dx = (uln , ~1). 
If 1 ~59s , the above calculation shows that u, and 1 coincide as functionals on 
52a(C,~(D) is dense in 9,,) and are therefore equal as elements of G9,, and hence 
equal a.e. Concerning the case where 1 is an element of 9,, , we have the following 
lemma. 
LEMMA 3.8. Suppose 1 E a,, . Then we may conclude the following facts. 
(i) m EP(D). 
(ii) If f is dejked on D and there exists a constant C such that 1 f 1 < Cm, 
then f generates a potential u, in g,, . In particular, u, E g,, . 
(iii) u, = 1 a.e. 
(iv) lim, u, n = 1 a.e., where m,, is dejined in Definition 2.2. 
Proof. 11 1 /Is = I/ m l/i and hence m EI?(D) if 1 is an element of 9,, . Condi- 
tion (ii) follows from the inequality 
Condition (iii) follows from (ii), as was seen in the preceding paragraph, and (iv) 
therefore follows by Theorem 3.1. 
It should be noted that condition (ii) in Lemma 3.8 only depends on m being 
integrable, which is equivalent to 1 ~59~ . 
The condition m cLl(D) may or may not hold, For example, let K,(x, y) = 
j x - y I--11L--a and let m,(x) be defined correspondingly. Then m, is integrable 
for all a such that 0 < a < 1 and m, is not integrable when 1 < a < 2. More 
will be said later about the case where 1 E ~2~ , but now we will proceed with the 
general case. 
LEMMA 3.9. Suppose {v,},>~ is a class of functions in LB~ satisfring the following 
conditions. 
(i) vr has compact support in D. 
(ii) 0 < v, < 1 a.e. 
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(iii) v, increases to 1 a.e. as Y decreases to 0. 
(iv) vr = 1 a.e. on D, . 
Then for every function u in L3,, having compact support in D, we have 
h~(u, v,) =I j urn dx. 
Proof. For any I, we have 
(% 7 u) = j j 
r *” 
(u(x) - U(Y)) (1 - VAY)) Kc% Y> dY dx D D 
+ 4 jD c jD e (44 - U(Y)) (v44 - VT(Y)) WG Y) dY dx 
= I(r) + &I;. 
Since u has compact support in D, II(r) = 0 for small enough r and therefore 
lim,,+ U(r) = 0. 
We will now show that 
lirir+ I(r) = j urn dx. 
For sufficiently small Y, we have 
I(r) = j j 
D, D,’ 
44 (1 - 4~)) K(x, Y) 4 dx 
zz.7 I urn&+ I U(X) dx 4 D, s (1 - 4~)) K(x, Y) dr- D-D r 
Now assume that the support of u lies in D, for some q > 0 and pick r,, such 
that 0 < r0 < q. Then for any r < r, , 
I(T) = jD um dx + j ~(4 dx IDeD (1 - 4~)) WC Y> dr. 
D. r 
(*) 
Let M = ess sup{K(x, y): ( x - y 1 > q - Y,,}. Then 
which tends to zero as r decreases to 0. The result now follows by letting Y 
decrease to 0 in equation (*). 
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COROLLARY 3.2. There exists a sequence of potentials vu, such that vn increases 
to 1 on D, the support of zy, lies in D and for every u in 9,, with compact support 
in D, 
lim(c, , a) = 
12 .r 
urn dx. 
Proof. Apply Theorem 1.1 to the previous lemma. 
THEOREM 3.5. The following conditions are equivalent. 
(i) lim, u, = 1 a.e. 
(ii) For any”measurable subset E of D, 
v(E) = 1 u,m dx. 
(iii) For any g E L1(D) with potential u, E go , 
s ugm dx = g dx. D s D 
(iv) For any pure potential u, with associated measure p, 
The equality holds even if p is not finite. 
(v) sDc P(x, y) dy = 1 a.e. 
(vi) SD G(x, y) m(y) dy = 1 a.e. 
Proof. We first show that (i) implies (ii). Indeed, 
v(E) = lim 
n I 
unz,IE dx = lim(umn , ua) = lim uEm, dx = uEm dx. 
?I ?I s s 
We will now show that (ii) implies (iii). If g is a simple function, the (iii) 
follows from (ii) by the linearity of potentials. If g is a nonnegative integrable 
function on D, pick a sequence of nonnegative simple functions s,, which increase 
to g. Then by Theorem 3.1, 
s 
u,m dx = lim 
s 
u+m dx = lim’ s, dx = s I 
g dx. 
n n 
If g is not nonnegative, write g = g+ - g-. 
Assume for the moment that we have shown that (iii) implies (iv). Clearly (iv) 
implies (ii). Let v denote the limit of the u, and let E be a subset of D. Then if n 
condition (ii) holds, we have 
s v dx = lim E n s unE,,IE dx = lip(umn , ua) 
= lir f uEmn dx = i zr,m dx = v(E). 
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Therefore z, = 1 a.e. and hence (ii) implies (i). Furthermore, (i), (v) and (vi) are 
equivalent since 
ID. P(x, y) d>~ = j m(z) G(x, x) dz = li,m u,~(x) a-e. 
D 
The proof will be completed upon showing that (iii) implies (iv). 
Now suppose that condition (iii) holds and u, is a pure potential with associated 
measure p. Let u;lt, denote a quasi-continuous representative of u,~. Then 
s 
u& dp = (ut, , uJ = (urn,, u,J = 
s 
u,m, dx. 
Since umn < 1 a.e., u& < 1 a.e. and Theorem 1.5 implies u%% < 1 q.e. There- 
fore 
I 
u,m dx = lim 
n I 
u,m, dx = lim u& dp < dp. 
n I s 
We now proceed to show the reverse inequality. First suppose that y is any 
measure with compact support such that u, < ug for some g in L-(D), g having 
compact support in D. Let (V,) be a sequence of open subsets of D such that 
v, C D and V, increases to D. Let a, denote the equilibrium potential of V, 
and let An denote the measure associated with a, . We note that 0 < a, < 1, 
a, = 1 on V, and X, is supported on v,, . The existence of a,, is an easy conse- 
quence of Theorem 1.1. Consider n such that U, contains the support of y. 
Then by Theorem 1.5, 
i 
u,* dA, = (uy*, a,) = (u,, , a,*) = 
s 
a,* dy = 
s 
dy, 
where the asterisk denotes a quasi-continuous representative. 
Now suppose v E Ce( V,) n BO. A direct calculation shows that 
(1) 
where 
j v dh, = (v, a,) = ID vm dx + ID vqn dx, 
h(X) = jD v(x) dx jDev (1 - G(Y)) K(x, Y) 4v 
n 
Therefore, when restricted to V,, , X, is absolutely continuous with respect to 
Lebesgue measure and has density qn’ = m + qn . Therefore by equation (I), 
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By Theorem 1.5, u, < u, implies u,* < uy* q.e. Therefore &(u.,) < R,(uy). 
By condition (iii), lim, R,(uJ = 0. Note that u, also satisfies equation (2) for 
sufficiently large n since g has compact support. Therefore 
j”dy+,mdx. 
Now suppose u,, is any pure potential with associated measure p and v is an 
element of C,(D) n 9s , with 0 < v < 1. By Lemma 1.2, there exists a sequence 
of potentials us, such that g, ELM, g, has compact support in D, g, is non- 
negative and ugn converges to u in Dirichlet norm. Let up = u,~ A u, , which is 
a pure potential according to Theorem 1.2. Then ug convkges to u, in Dirichlet 
norm also. Now, v dt,, is a measure with co&pact support and letting 
dy, = v dt, , we have uYn < Use < us, . Therefore by equation (3), 
i 
u,,mdx=/dyn=/vd~,=(v,urn). (4) 
Since ue, converges to u, in 9a , there exists a subsequence of (u$}, which we 
also call {zQ}, which converges to u, a.e. and for which the above conclusions 
hold. 
We shall now assume that juU . m dx is finite, for otherwise the inequality 
we wish to prove is trivial. By equation (iii), 
I 
v dp = (v, uJ = lim(v, Us,) = lim 
n 11 s 
uy,m dx 
< lim up,m dx = u,m dx, 
n i s 
the last equality following by dominated convergence. 
Letting v increase to 1 yields the result. 
LEMMA 3.10. Suppose f ELM with 1 f 1 < m and suppose f generates a 
potential u, in 9s. If lim, u,~ = 1 a.e., then 1 uf 1 < 1 a.e. 
Proof. Suppose f is nonnegative. If E is a measurable subset of D, then by 
Theorem 3.5, 
s 
uf dx = (Us , uE) = 
s 
uJ dx < uEm dx = v(E). 
E s 
Therefore U, < 1 a.e. If f is not nonnegative, write f = f + - f - and use the 
positivity of potentials. 
COROLLARY 3.3. Suppose lim, urn,, = 1 a.e. Then there exists a constant C, 
independent off, such that II uf Ilm < C. II f IL, for any f EL”(D). 
Proof. Omitting the trivial case where f = 0 a.e. and letting p equal the 
minimum of m, apply the previous result to the function (p/II f llm) . f. 
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We will henceforth assume that lim, urn* = 1 a.e. We thus have all the equi- 
valent conditions of Theorem 3.5 and the conclusion of Corollary 3.3. Indeed, 
applying Corollary 3.3 to Theorem 3.2, we have the following two lemmas. 
LEMMA 3.11. If 11 fj Ijm < M for every j and fj converges to f in U(D), then ufj 
converges to u, in Dirichlet norm. 
Proof. Let p = 1 and 4 = co in Theorem 3.2. 
LEMMA 3.12. If fi converges to f unaformly and f is bounded, then ufj converges 
to I+ in Dirichlet norm and the convergence is uniform. 
Proof. Let p = co and q = 1 in Theorem 3.2. Note that the convergence 
is uniform since jl ufj - u, 11, < C . I/ fi -f Ijm . 
4. A REGULARITY CONDITION FOR THE KERNEL K 
In the present section we shall impose a regularity condition on K and then 
examine the effects of this new condition on the Dirichlet space .BO. The new 
assumption, which we will call K4, will insure that a plentiful supply of functions 
from 9$ are also elements of BO. 
We will henceforth assume the following condition on the kernel K(x, y). 
(K4) Suppose that (uJ is a regularizing sequence of test functions on Em. 
Then there exists a kernel W(x, y) such that 
f K(x + t, Y + t> a,(t) dt < W(x, y) 
for sufficiently large k and having the property that 
ss (~(4 - V(Y))’ Wx, Y> 4 dx 
is finite for any function v in g1 with compact support in D. 
If K(x, y) is translation invariant, then the condition K4 holds trivially with 
W = K. 
THEOREM 4.1. Suppose v is an element of .Ql and limr+rO v(x) = 0 for any 
point x0 lying on the boundary of D. Then v is an element of 9,, . 
Proof. We first consider the case where a has compact support in D. Let 
{ak) be a regularizing sequence and let W(x, y) be the kernel given in axiom K4. 
Let g, = a, * v. Then gk converges to v and supp gk C D for sufficiently large k. 
Furthermore, 
(gk(X) - fk(# < j- b’(x - t> - vb’ - t>)a ak(t) dt. 
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Now for sufficiently large k, 
jj K(x, y) dy dx j” (v(x - t) - “(y - t))2 a,(t) dt 
= jj (v(X) - %fy))” dy dx 1 k’(X + t,y + t) a,(t) dt 
< (v(x) - V(Y))’ Wx, Y> 4 dx 
and this last expression is finite. Combining the last two inequalities, we obtain 
We will now show that (v, g, - V) converges to 0. Indeed, apply Lemma I.4 
to the space Em x Em, the measure K(x, y) dy dx and the functions h, and f, 
where hk and f are given by 
and 
hk(X, Y> = gkcx) - v(x) - (g,(Y) - $Y)) 
fk Y) = 44 - V(Y) 
respectively. Since lim, sup /I g, /I2 < /I ZI j12, the appropriate 2-norms of the g, 
are bounded and Lemma 1.4 applies. 
We now show that g, converges to v in Dirichlet norm and hence ZJ lies in go . 
Since 
we have 
11 gk - z, iI2 = /I gk iI2 + %4 7J - gk) - /I v /i2, 
li~sup[lgk-v]12 <O 
and therefore g, converges to v in Dirichlet norm. 
We will now suppose that lim,,,O V(X) = 0 for any boundary point x,, and 
that v is nonnegative. Let (r,} be a sequence of positive numbers which converge 
to zero. Let V~ = (v - rn)+. Since v tends to zero at the boundary of D, 
supp v,, CD. Since (v - r,)+ is a contraction of v - r, , (v - Y,)+ has finite 
Dirichlet norm and v, lies in ~9~ by the previous part of the proof. In order to 
show that v lies in 9a, we need only show that v, converges to v in Dirichlet 
norm. But v - v,, = v A r, . Since v A r,,, is a contraction of v A r, , 
lim, 11 v A r, 11 = 0 by dominated convergence. The case where v is not non- 
negative follows easily by considering v = U+ - v-. 
LEMMA 4.1. Ifu~91+andv~~,,, thenuhvEC30. 
Proof. There exists a sequence {g,,} of test functions on D which converges 
to v in Dirichlet norm. Since 
urlgn= u +&a lu-gg,I ~- 
2 2 ’ 
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we have 11 u A g, /I finite. By Theorem 4.1, u A g, lies in 9,, . Since u - g, 
converges to u - v in Dirichlet norm and since 1 u -g, 1 is a normalized 
contraction of u -g, , Theorem 2.1 implies there exists a subsequence 
{I u - g,, I> which converges to 1 u - z; 1 in Dirichlet norm. Therefore u A gnj 
converges to u A v in Dirichlet norm and hence u A v lies in go . 
COROLLARY 4.1. If u EB,+ and there exists v in gO such that u < v, then 
UE90. 
PYOOf. U = U A V. 
DEFINITION 4.1. We define a new norm //I * 111 by defining jll u /I[ = I/ u I/ + 
j j u Ilm for any u E gI n L”(D). 
LEMMA 4.2. Suppose g E @I n L”(D). Suppose that v ~.9,, n L”(D) and v 
has compact support in D. Then gv E a,, . In particular, if {v,} is a sequence of 
essentially bounded functions in SO having compact support in D and iflll v, - w j/l 
converges to zero, then gw E go and gv, converges to gw in go . 
Proof. Since gv has compact support in D, we need only show that gv has 
finite Dirichlet norm in order to prove that gv lies in 5~9~ . We have 
IS D D (g(x) v(x) - g(y) V(Y))' W, Y) dy dx I ss D D (g(x) (44 - V(Y)) + V(Y) g(x) - g(y)))" K(x,Y)dr dx 
d II g 11: s,JD w4 - V(YN2 m Y> dY dx 
+ 2 II L? IL II ZJ IL [s,jD (44 - V(YN2 Wf Y> dY q2 
. [jDjD (g(x) - dYN2 IQ4 Y> dY q2 
+ /I v 11: s,s, (g(x> - dYN2 m Y) dY dx < +a. 
Furthermore, 
ID (gv)” m dx < II g lli jD v2m dx < 3-m. 
Therefore gv has finite Dirichlet norm. 
Since 111 0, - v, 111 converges to 0 as m and n tend to infinity, the inequalities 
used in the first part of the proof imply that the same holds true for 
II&n - vm>ll . H ence there exists u in 9,, such that gv, converges to u in 
Dirichlet norm. Therefore gv, converges to u in La(m). However, 
lD (gv, - gw12 m dx G II g Ilm JD (vn - wj2 m dx 
40916313-7 
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which tends to 0 as n tends to infinity since i/ U, - w /I converges to 0. Therefore 
gv, converges to gw in L2(m) and hence u = gw a.e. on D. 
LEMMA 4.3. Ccm(D) is dense in g0 n C,(D) rektive to the topology of I:/ .j~: . 
Proof. Let {uJ be a regularizing sequence and let g be an element of 
C,(D) n go . For any k, let g, = g * a,. For sufficiently large k, g, lies in Ccm(D). 
Furthermore, as shown in Theorem 4.1, g, converges to g in Dirichlet norm. 
Since g, also converges uniformly to g, the result follows. 
LEMMA 4.4. Let u EB,, . If there exists a Radon measure p on D such that 
(%d = WPf or all g in Cc*(D), then u is a potential with associated measure CL. 
Proof. Let g be an element of C,(D) n 9s and pick a sequence (gm} of test 
functions on D such that g, converges tog in the topology of 111 . /I/ . Furthermore, 
pick the g, so that supp g, , supp g C D, C is, CD for some Y > 0. Now, 
(u, g> = liy(u, g,J = li,m 1 g, 4. 
However, 
and the result follows. 
LEMMA 4.5. Let g be a positive test function on D which is not identically 0. 
Then there exists a sequece (g,) of positive test functions on D satisfying the follow- 
ing conditions. 
(i) V, = sup g, C V = supp g. 
(ii) g,<gon V,. 
(iii) lim, \I/ g -g, /I] = 0. 
Proof. Let (vJ be a sequence of positive numbers which decreases to 0. 
Let f,, = (g - rJ+, E = {x: g(x) > 0) and let C, = supp fn = {x: g(x) > rn}. 
Then fn lies in C,+(D) for all n and C, C EC V. Let {a,} be a regularizing 
sequence. We define g, to be the convolution of fn with a,,,* where {u,~> is an 
appropriately chosen subsequence of {a,] as described below. 
Clearly we can pick m, so that V, C W, , where W, = {x: g(x) > r,/2}. 
Hence we have C, C V, C W,, C E. Now on C, , g - f,, > r,/2. Therefore if we 
pick m,, so that 11 g, - fn II,,, < r,/2, we will have g, < g on W,, and (ii) will be 
satisfied. We will also have 0 <g -g, < 3r,J2 on D. Therefore g, will con- 
verge uniformly to g and to show (iii), we need only show that g, will converge 
to g in Dirichlet norm. 
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Since fn has compact support in D and also has finite Dirichlet norm, fn lies 
590. Now 
Therefore 
g = k - rn)+ + k /J 7,) = .f?l + k * rd. 
I/g -fa II = llg * 798 II * 
Since g A r,,, is a contraction of g h r, , an argument similar to the one used in 
Theorem 4.1 shows Iim, Ilfn - fn*am 11 = 0. Therefore we can pick m, so that 
llfn -gg, II < l/n. Th ere ore f lim, [I g - g, 11 = 0 and we have shown that 
lim,]j]g -g, I// = 0 for an appropriately chosen sequence {m,}. 
LEMMA 4.6. Suppose u ES@,,+ and {gn} is a sequence of positive elements of 
&BO n C,(D) which converges to u in Dirichlet norm. Then u A g, E 9,, for any n 
and u A g, converges to u in Dirichlet norm. 
Proof. II u A g, - u II = IKU -g,)+ II < !I 21 -g, II . 
5. HARMONIC FUNCTIONS AND THE UNIQUENESS THEOREM 
DEFINITION 5.1. A function u defined on Em is called harmonic on D if 
lim 
n 
gT,u dx = 0 
for any test function g on D. 
In the terminology of Definition 3.1, u is harmonic on D if and only if Tu = 0, 
Tu = 0 being our generalized Laplace equation. Definition 5.1 is the clear 
extension of the concept of harmonicity to our present situation. The Diriehlet 
problem for our formal operator T is to extend a function u defined on DC to a 
function defined on Em which is harmonic on D and has finite Dirichlet norm. 
If u is an element of Q1 , then II is harmonic on D if and only if (g, ZJ) = 0 
for any test function g on D. Since So is the completion of these test functions 
relative to the Dirichlet norm, this last statement is equivalent to (v, u) = 0 for 
any v in go . Therefore, if u lies in .90 and u is harmonic on D, u == 0 a.e. 
More generally, consider any function u in .@r . By the projection theorem for 
Hilbert spaces, u = u,, + ur , where u,, and ur are elements of 9,, and QO” 
respectively, go1 being taken relative to 9i . Being an element of go’- means that 
ur is harmonic on D. Our general uniqueness theorem will say that if v is an 
element of 9r and v is harmonic on D, then v = 0 a.e. Therefore we will have 
9,,’ = (01 and hence our uniqueness theorem will actually say that %+I = go _ 
DEFINITION 5.2. A function u defined on Em is called superharmonic on D if 
lim 
n s 
gT,,u dx 3 0 
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for any nonnegative test function g on D. u will be called subharmonic if --u is 
superharmonic. 
For functions in 9?a , superharmonicity is equivalent to being a pure potential. 
By their very definition, pure potentials are superharmonic. Conversely, Theo- 
rem 2.3 implies that for a superharmonic function u, there exists a Radon 
measure p for which 
liFjg9’,udx = jgdp 
for any test function g on D. By Lemma 4.4, u is therefore a pure potential 
with associated measure p. 
LEMMA 5.1. Let h be harmonic on D with h EBB+. Then 11 h A g ]I2 < (g, h A g) 
for any function g Ego+. 
Proof. -(h A g) + (h/2) + (g/2) = j(h - g)/2 / . Since h A g ~9~ by Lem- 
ma 4.1, 
Therefore II h A g II2 < (g, h A g). 
COROLLARY 5.1. Under the conditions of the previous lemma, /I h A g /I < I j g Ij . 
Proof. Apply Schwarz inequality. 
LEMMA 5.2. If h is harmonic on D with h E gl+ and ;f g is a pure potential, 
then h A g is a pure potential. 
Proof. Let v be the unique element of minimum norm in 9s such that 
v 2 h A g. Then v is a pure potential and 
h A g = (h A g) A v = h A (g A v). 
By Theorem 1.2, g A v is a pure potential with I/g A D 11 < 11 v I/ . Therefore, 
by the previous corollary, 
I/ h A g 11 = I/ h A (g A v>il < IIg A VII < 11 V/I . 
By the uniqueness of v, h A g = v. 
LEMMA 5.3. Let h be harmonic on D with h EJ&+ and f hm dxJinite. If g is a 
pure potential with 0 < g < k, k a positive constant, then 
(h A g, g) < k 1 hm dx. 
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Proof. First suppose that g lies in 9,, n C,(D) and 0 <g < k. If u, is a 
pure potential with associated measure ,u, then by Theorem 3.5, 
(U,,g)=jgdl*~kjd~=kJ’u,mds. 
Now suppose that g lies in 9,, and 0 < g < k. Pick a sequence {g,} C 9,,+ n C,(D) 
such that g, converges to g in Dirichlet norm. By Theorem 2.1, there exists a 
subsequence (gnj} such that gnj A k converges tog in Dirichlet norm. For any nj , 
Therefore, 
(u,, , gnj A k) < k 
s 
up dx. 
(uu , g> d k s u,m dx. 
Now suppose g is a pure potential with 0 < g < k. Lemma 5.2 implies that 
h A g is a pure potential. Therefore, by the previous part of the proof, 
(h A g, g) < k 1 (h A g) m dx < k / hm dx. 
COROLLARY 5.2. Under the hypothesis of the preceding lemma, 
11 h A g II2 < k I hm dx. 
Proof. Apply Lemma 5.1. 
In the next two lemmas, V’ will denote the derivative of V. 
LEMMA 5.4. If h is harmonic on D and h E B1 n L”(D), then h2 is subharmonic 
on D. In fact, (g, h2) < 0 for any g E 9,,+. 
Proof. Since h lies in g1 n L"(D), h2 lies in 9r . Let V(X) = x2. Then for 
any (4 Yh 
44 - W(Y) < qx> . (x -Y>. 
Let w = v(h). Th en w has finite Dirichlet norm and for any g in 99,, n C,+(D), 
we have 
j-gT,w dx e jk4 * ~‘WN dx j- (h(x) - h(y)) Wx, Y> dr 
= 2 j ghT,h dx. 
Under the hypothesis of the lemma, gh lies in 9,, by Lemma 4.2. Therefore the 
last integral tends to zero. Therefore (g, h2) = (g, w) < 0 for any g in 
C,+(D) n go and hence for any g in .9,,+. 
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LEMMA 5.5. If h is harmonic on D and h E g1 , then ! h [ is subharmonic on D. 
In fact, (g, / h 1) < 0 for any g in go+. 
Proof. For any a such that 0 < a .< 1, we define v, by 
v,(x) = 52 ix/ ,<a 
= 2x - (2a - a”) x>a 
= -2x - (2a - a2) x < -a. 
For any (x, y), V,(X) - vJy) < V&‘(X) . (X - y). Let w, = v,(h). Since 
I val I < 2, 
I w,(x) - wa(y)I G 2 I h(x) - h(y)1 
and therefore w, has finite Dirichlet norm. Let g be an element of C,+(D) n 9,, . 
Then 
= gv,‘(h) T,h dx. j 
Since v,‘(h) = 2((h v (-a)) A a w ic is a bounded element of 9r , Lemma ), h h 
4.2 implies g . (v,‘(h)) lies in 9a . Therefore the last integral tends to zero. 
Therefore (g, w,) < 0 for any g in CB,, n C,+(D) and hence for any g in go+. 
Since v~(x) converges to 2 1 x 1 as a tends to 0, dominated convergence implies 
(g, 2 I h I) = j;y+k> 4 G 0. 
THEOREM 5.1 (Uniqueness Theorem for Harmonic Functions). If u is 
harmonic on D and u E gl , then u = 0 a.e. 
Proof. The proof will be carried out in three steps. 
Step I. We will assume that h is harmonic on D, h lies in 9rf and s hm dx 
is finite. Under these conditions we will show that h = 0 a.e. 
Let g,, be a pure potential which equals k, a fixed positive integer, on Dlln and 
which is less than or equal to k. Let A, = Dlin x Dlln . Since h A g, lies inBa , 
(h A g, , h) = 0 and we have 
0 = jjAn (V A k) (4 - (h * 4 (YN (44 - h(Y)) f% Y) dY dx 
+ j j 
AnC 
((h * gn) (4 - (h A gn) (~1) (44 - h(y)) WY Y) dr dx 
+ j, (h A g,) hm dx, 
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where A,” is taken relative to D x D. Therefore, by Corollary 5.2, 
< II h * gn II [jAncj (44 - h(y))’ K(x, Y> dy d~]l’~ 
(h(x) - h(y)Y K(x, Y> dy dx]1’2. 
Letting n tend to infinity yields 0 = (h A K, h). Since h A lz is a normalized 
contraction of h, letting k tend to infinity implies I/ h Ij = 0 by dominated 
convergence. 
Step II. We will now assume u is harmonic on D and u lies in &+. Under 
these conditions we will show that h must equal zero a.e. 
Let ulc = u A K and let w,, be the unique element of minimum norm in 9r 
such that w,, > u A K. w,, = h + p where h is harmonic andp is a pure potential. 
Since 1 h 1 is subharmonic, 
II I h I + P II2 < II h II2 + II P II2 + 2(1 h I 9 P> G II h II2 + II P II2 == II wo l12. 
However, w. is of minimum norm and therefore j h / + p = h + p, implying 
h=jhl. 
Since w. A k 3 uk and Ij w. A k 11 < II w,, // , the uniqueness of w. implies that 
w. = w. A K and hence 0 < h < K. Furthermore, Lemma 5.4 implies that 
(g, h2) < 0 for any g in go+. 
Now, h2 = H + V, where H is harmonic and z, lies in go . Since (g, TJ) < 0 
for any g in go+, there exists a positive measure p such that (g, --V) = Jr, g dp 
and -V is a pure potential. In other words, we have h2 = H - p, , where p, is a 
pure potential. 
We now wish to show that J Hm dx is finite. Since H = h2 + p, and h lies in 
9r, we need only show that Sp,m dx is finite. For any x in D, define f(x) by 
f(x) = j (h(x) - h(yY f+, Y) dye 
Then for any g in go n C,(D), 
j gf dx = li,m j gfT,h dx + l$ - j g(x) dx j h(y) (44 - h(y)) K&Y) do do 
= li? - 1 g(x) dx 1 (h(x)2 - h(y)2) &(x, y) dy dx 
= -19 J gTJP dx = (g, pi). 
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Therefore p, = ur and we have 
j’p,md++jfdx 
which is finite since h has finite Dirichlet norm. 
By Step I, H = 0 a.e. Hence h2 = -pi , implying h = 0. Therefore 
w,, = p 3 uL , implying uk lies in 9,, for all k. Hence (ulc , u) = 0 for any k and 
letting k tend to infinity yields u = 0 a.e. 
Step III. In this step we consider the general case. 
In Lemma 5.5 we considered functions ZJ, . Using the particular function z~i 
in that coIlection and letting zui = ZJ~(E), we have that (g, wi) < 0 for any g in 
9a+. Now wi = w0 + w2 where w,, is the projection of wt into 9a. Since 
(g, WJ < 0 for any g in go+, wa = -p, where p is a pure potential. Hence 
wi = w2 -p. But wi is nonnegative. Therefore w2 - p > 0, implying w2 is 
nonnegative. By Step II, w2 = 0 and hence wi = 0 since wi = -p and wi is 
nonnegative. Since wi = 0, u = 0 by the nature of vi . 
We now return to the situation where m is integrable. According to our 
uniqueness theorem, 9,, = 9i and therefore m integrable implies 1 lies in 9,, . 
If we know in advance that 1 lies in 9, , we have no great difficulty obtaining our 
uniqueness theorem. Indeed, suppose 1 lies in 9a and u is harmonic on D with u 
in gl+. For any positive constant k, u A k is a normalized contraction of u and 
hence u A k lies in 9e by Corollary 4. I. Since u A k converges to u pointwise, 
u A k converges to u in Dirichlet norm by Lemma 2.3 and hence u lies in .9s . 
If u is not nonnegative, simply consider u = u+ - u-. 
It should be noted that the uniqueness theorem was proven under the assump- 
tion that ur”, increases to 1 a.e. This assumption, alone, with m integrable 
clearly implies 1 lies in go . We will now give a result which is independent of the 
assumption u, increases to 1 a.e. It gives a simple condition on the kernel K 
which yields th”e equivalence of the integrability of m with the condition that 1 
lies in 9,, . Furthermore, this condition on K holds for the kernels K,(x, y) = 
1 x --y lfnea when 0 < a < 1. 
LEMMA 5.6. Suppose we have 
lim 
ss ri” D, D-D, 
K(x, y) dy dx = 0. 
If m is integrable on D, then 1 is an element of 9,, . In fact, there exists a sequence 
. . 
of postttve test functions, (g,>, on D such that g, increases to 1 on D andg, converges 
to 1 in Dirichlet norm. 
Proof. Pick T such that D,, is not empty. Let A, = D, and vi = IA . Let 
{ak} be a regularizing sequence. For any k, define g, = a, * vi . Then gi < 1, 
suppg, C D for sufficiently large K and g, = 1 on DST12 for sufficiently large k. 
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Pick K, so that the three conditions above all hold. Let wr = gkO . Pick A, so 
that A, 1 supp wr , A, is open and x2 C D. Let v2 = IA, . Define g, = ak t v, . 
Then g, < 1, supp g, C D for sufficiently large K and assuming A, to be appro- 
priately chosen, g, = I on D3,.i4 . Pick k, so that these last three conditions hold 
and let w2 = g, . 
Proceeding inductively, we get a sequence of positive test functions w, such 
that w, increases to 1 on D. Moreover, at each stage of the induction, we have a 
sequence {gk} such that g, converges to v, in Dirichlet norm. Therefore w, may 
be picked so that Ij w, - v, 11 < l/n. To see that g, converges to v, at each 
stage, refer to the proof of Theorem 4.1. 
If we can show that /j v, - 1o 11 converges to 0 as n tends to infinity, then we 
will have w, converging to 1 in Dirichlet norm. Now, 
II ID - v, I/ = 1 1 (S(X) - vn(yN2 W, Y> 4 dx + lD (1 - d2 m dx. 
DD 
Since m is integrable, the second integral tends to 0 by dominated convergence. 
Moreover, the first integral is equal to 
2 s, s,M K(x, Y) 4 dx, n n 
which tends to 0 as n tends to infinity. 
It should be noted that axiom K4 was used in the previous proof. 
6. BOUNDARY FUNCTIONS AND THE DIRICHLET PROBLEM 
In the present section we will investigate the Poisson integral of a measurable 
function defined on DC and its role in solving the Dirichlet problem for the 
operator T. 
DEFINITION 6.1. Let f be a measurable function defined on DC and suppose 
jDc 1 f (Y)l p(X, Y> d y is finite for almost all x in D, where P(x, y) is the Poisson 
kernel for D, as defined in Definition 3.4. We define the function Hf for almost 
all x in Em by 
H,(x) = j- f(r) J%Y)~Y, XED, 
DC 
=fW, XE DC. 
The Poisson integral off is defined as 
s Dc.f(~) % Y) 4v 
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DEFINITION 6.2. For any measurable function f defined on DC, we define 
A(f) by 
A(f)2 == j 
D 
dx i‘ f(y)” P(x, y) dy. 
DC 
If A(f) is finite, then H,z EU(D) and in particular, H, is finite a.e. But then 
Ht ELM since Hr2 < H,z by the Schwarz inequality. 
LEMMA 6.1. Suppose f is locally integrable on DC and A(f) is Jinite. Then for 
any g E L2(D), we have 
f gTnHr dx D 
= jDcf(4 dx j TngW P(x, 4 dx - 
D 
j Dcf (4 dz jDg(4 Kl(% 4 dx* 
Proof. Let u = Hf as defined in Definition 6.1. For any x in D, we have 
Tn4x) = j W) - U(Y)) K&G Y) 4 
= jDof(4 dz jD K&G Y) dr j (G(x, w> - WY, 4) WG 4 dw 
D 
+ jDc dz jDc (f(z) - f(y)) G(x, Y> dr [ (3x3 w) WG w) dw. 
'D 
The manipulations needed to obtain the above equality are justified by the 
finiteness of A(f) and the fact that K, is continuous with compact support. For 
any z in DC, 
UK,(X) = j, G(x, 4 W, 4 dw 
for almost all x. Therefore, continuing our evaluation of T,u(x), we obtain 
T,P(x) = j f(z) dz j (UK,(X) - UK,(Y)) Kdx~ Y) dr 
DC Em 
- jDCf (z) dz jDC (Q,(X) - UK.(Y)) G(x, Y) dr 
+ jBe dz j W4 -f(r)) UK,(X) Kn@, Y> dr 
DC 
= S,.f (z) Tn~,(x) dz - jDCf(y) UC Y) dy 
for almost all x. 
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Now suppose g is an element of L2(D). Letting F, x F,, denote the support of 
I-C, and applying the Schwarz inequality together with the fact that qfi < H,z , 
we obtain 
< I! K, IL l/g 112 [@J * 4.0 + 49 . A(f) + @Y” * jFsnDc lfb)l dz] - 
Therefore by Fubini’s theorem we obtain 
s g(x) Tn44 dx D 
= jDef(z) dz jD T&x) UK,(X) dx - jDrf(4 dz j Ax> Kz(x, 4 dx 
D 
and the result follows since uK,(x) = P(x, Z) a.e. 
THEOREM 6.1. Suppose that for any test function g on D, there exists a function 
W, in L2(D) such that 1 T,g 1 < W, f OY all n. Suppose f is defined on DC and A(f) 
isJinite. If f cL1(Dc) OY f ELm(Dc), then 
lim 
s 
gT,,H,dx = 0 
n D 
for any test function g on D. In other words, Hf is harmonic on D. 
Proof. We have 
j dz j If (41 * I T,g(x)l P(x, 4 dx G j 
DC D D 
W,(x) jDO If WI P(x, 4 dz dx 
and this expression is finite. Applying dominated convergence to Lemma 6.1 
yields the result. It should be noted that application of dominated convergence 
to the second summand in Lemma 6.1 is justified either if f is integrable or f 
is essentially bounded. 
In the previous theorem we assumed that W, was in L2(D). However we did 
not need such a strong assumption for the case where f was essentially bounded. 
LEMMA 6.2. Suppose that for any test function g on D there exists a function 
W, in L’(D) such that j T,g 1 < W, for all n. If f ELm(Dc), then Hf is harmonic 
on D. 
Proof. Apply dominated convergence in Lemma 6.1. 
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THEOREM 6.2. Suppose f EL1(De) or f E L”(Dc). If 
is finite, then Hf is harmonic on D. 
Proof. Let g be a test function on D. Since for any z in DC, P(x, x) = ux,(x) 
a.e., we have 
= jDcf (4 dz [ jD jD (g(x) - g(y)) (W 4 - P(Y, 4) KG, Y> dr dx 
+ jD g(x) P(X? 4 m&) dx] 
= jD jD (g(x) - g(y)) (H,(x) - H,(Y)) K,(x, Y) dr dx + Jb gHrmn dx. 
SIS If(z)I - I g(x) - g(yl * I P(x, 4 - P(Y, 41 K(x, Y> dz 4 dx 
D D dc 
dominated convergence yields 
lip jDcf (z) dz jD P(x, z) T&x) dx = jDcf (Z) (g, UK,) dz 
zzz jDcf (4 dz jD g(x) W, 4 dx. 
The result now follows by an argument similar to the one used in the proof of 
Theorem 6.1. 
The essential difference between the previous theorem and Theorem 6.1 
is the absence of any extra conditions on the kernel K. Theorem 6.1 requires the 
existence of the function ZV, . Of course the present result has the added condi- 
tion regarding the Dirichlet norm of P( ., z). We note that the conditions of 
Theorem 6.2 are satisfied by the elements of Cc(Dc). Indeed, for any subset E of 
DC for which the intersection of E with D is null, supzEE 11 uKz Ij is finite. 
We will now attempt to find conditions on a boundary function f which will 
insure that Hf has finite Dirichlet norm. We will always assume that A(f) is 
finite and that Hf is harmonic on D. Note that whenever we refer to a boundary 
function, we are referring to a function which is defined a.e. on DC and which is 
measurable thereon. 
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DEFINITION 6.3. For any z, w E DC, we define the following four kernels. 
U(% w) = s, P(x, 4 K(x, w) dx, 
.I@, w) = j-D P(x, 4 P(x, w) m@> dx, 
Q(z, 4 = B SDS, 0, Y> (f’(x, 4 - f’(y, 4) (P(x, 4 - P(Y, 4) dr dx, 
Q&, 4 = 4 IDID K(x, Y) I P(x, 4 - P(y, 41 I P(x, 4 - P(Y, 41 4 dx. 
It should be noted that U, J, Q,, , and Q are finite a.e. on DC x DC. Indeed, using 
the fact that P(x, 2) = uK,(x) a.e., we have U(x, w) < C 11 K, Ilrn Ij K, Ilm v(D), 
&6 w) < /I uKE II . /I uK, ti , and Q&, 7~) < 11 uK, II . I/ uK, // . Finally, / Q 1 <So. 
Note that Q is not a positive kernel. 
It should also be noted that for almost all x and w in DC, 
DEFINITION 6.4. Suppose V(x, w) is a nonnegative kernel defined a.e. on 
DC x DC. We define the semi-norm jl * lIV by 
II f It = j- j (f(4 -f(w)>” Q, 4 dz dw. 
DC DC 
We refer to II * IIV as the V-norm. In the sequel we shall make extensive use of 
these V-norms with V being a linear combination of the kernels CJ, J, K and QO . 
LEMMA 6.3. We have 
j- j- (H,(x) -f(y))” K(x, Y) 4 dx < 1 / (f(x) -f(r)>” u(% Y) dr dx 
D DC DE DC 
Proof. Note that 
f&(x) -f(y) = s,. (f (4 -f(y)) W> 4 dz 
and apply the Schwarz inequality. 
LEMMA 6.4. Suppose the U-norm off is jkite. Then the J-norm off is finite 
and the following two equalities hold. 
6) SD (f+ - Hf2) m dx = 4 Ilf iI;. 
(ii> If II”, = .fDfDo (f(w) - H,(z))’ K(w, z) dw dz + 4 II f [I: . 
It is useful to note that (i) does not depend on the U-norm off being jnite. 
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Proof. Since A(f) is assumed to be finite and since Ht2 < Hp , 
0 d H,,(x) - H;(x) 
=u (f (2)” --f (2) f(w)) P(x, 2) P(x, w) dz du: 'DC DC 
= @(f(x) - f(w))” + 3(f(4” - f(w)“)) P(x, 4 P(x, w) d.z dw. 
Since 
ss 
(f(z)” -f(w)“) P(x, z) P(x, w) dz dw = 0, 
DC DC 
the previous equation yields (i) by simply integrating against m(x). 
Now, 
llf II; = ID dx s,. Q, 4 ((f(w) - H,(4)” + (H,,(x) - H;(x))) dw. 
The result now follows by applying (i), since Lemma 6.3 implies that the first 
integral in the sum on the right side is finite. 
LEMMA 6.5. If f has finite Qo-norm, then 
j j VW) - H,(Y))~ I% Y) dr dx = - j j (f (4 - f(w))” Sk, w) dz dw. 
DD DC DC 
In particular, 
SI V-G4 - 4(yN2 K(x, Y) 4 dx d Ilf 1120, < +a. DD 
Proof. 
If f W2 (P(,, 4 - P(Y, 4) (P@, w) - P(y, w)) dz dw DE DC 
=ss 
Dc DCf (w)” (P(,, 4 - P(y, 4) (P(x, w) - P(y, w)) dw dz = 0. 
Therefore 
[ jDCf (4 (P(T 4 - P(Y> 4) dz12 
rzz 
IS 
f(4f(w) (P@, 4 - P(Y, 4) (P@, 4 - P(Y, w)) dz dw 
DC DC 
= - B j j (f (4 -f(w))” (P(x, 4 - Ply, x)) (P(,, w) - P(Y, w)) dz dw. 
D" Da 
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Since the Qs-norm off is finite, we may substitute this last result into the fol- 
lowing equation and interchange the order of integration in order to obtain the 
result. 
(f&(x) - H,(Y))~ K(xt Y> dr dx 
COROLLARY 6.1. The following Q-norm is a semi-norm on the space of functions 
having Jinite Q,-norm 
llf 11% = - f j- (f(r) -f(w))2Q(Z, w)dzdw. 
DC DC 
THEOREM 6.3. Suppose the (Q,, + U + K)-norm of f is jkite. Then the 
Dirichlet norm of Hf is Jinite. In fact, 
Proof. Noting that 
II Hf II2 =[i s,Jb + s,s,. + B s,,s,,l (H,(x) - WY)) K(% Y) dy dx 
and also that Hr = f on DC, combining Lemmas 6.4 and 6.5 yields 
II H, 11’ = j j- (f(4 -f (w))2 ((- &Q + u - 4~7 + +K) (2, w)) dz dw. 
DC Do 
Multiplication by 2 and application of Definition 6.4 yields the first equality in 
the theorem. The second equality follows from the equation 
Q(z, 4 + J(z, 4 = (UK, > UK,) = s D UK,@> K(x> 4 dx = u(z, 4, 
which holds for almost all z and w. 
LEMMA 6.6. t&Z, W) = U(w, z) for almost z and w. 
Proof. ( uKS, uKW) = U(z, w) for almost z and w. 
DEFINITION 6.5. For functions which are measurable on DC, we define the 
norm II * II8 by 
Ilf II: = llf l/?J+K + A(f )“. 
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We call // . jlB the B-norm and we let gB denote the space of boundary functions 
whose B-norms are finite. We write (., .)B to denote the inner product which 
gives rise to the B-norm. 
DEFINITION 6.6. For functions which are measurable on Em, we define the 
norm II . IL by 
where 5 is the measure on Em defined by 
&I(4 = s, f’(x, 4 dx, x in DC, 
= dz. x in D. 
We shall call 11 * jlH the H-norm and we let 9H denote the space of functions 
whose H-norms are finite. We write (=, .)H to denote the inner product which 
gives rise to the H-norm. 
Note that in the terminology of Definition 2.4, 
and 
.C& = 9 (D”, U + K, dx, s, P(x, .) dx) 
.9H = 9(E”, K, dx, i-14). 
Since the finiteness of the measure TV in Definition 2.4 is not needed in the proof 
of Lemma 2.2, we conclude that aB and 5BH are complete. 
We would now like to make some comments regarding Definition 2.4 which 
are relevant at this point. Suppose we consider a space 9(X, R, p, g(x), d&x)) 
which satisfies all conditions of Definition 2.4 except for the finiteness of CL. 
Furthermore suppose that g > 0 a.e. (p) and g dp is a finite measure. Consider 
the space 9 defined by 
9 = JWT R’, g(x) g(y) 44y) 444, Ax> 44x>>, 
where R’(x, Y> = R(x, rM4 g(y). Th en F satisfies all the conditions of 
Definition 2.4. Furthermore, disregarding sets of p-measure zero, % is identical 
to the original space. Therefore by Corollary 2.3, the original space is a Dirichlet 
space relative to L2(g dp). We have the following lemma. 
LEMMA 6.8. If K(x,y) > 0 ae., then SB is a Dirichlet space relative to 
L2( JD P(x, .) dx) and gH is a Dirichlet space relative to L2(J). 
Proof. K(x, y) > 0 a.e. implies so P(x, .) dx > 0 a.e. on DC. 
We would like to have a function space on DC, say F’, and a function space on 
Em, say 9, such that whenever f is an element of 9, there exists an element 
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Sf in 9’ with X’f solving our generalized Dirichlet problem for the boundary 
function f. We will now proceed to achieve such a result. 
DEFINITION 6.7. We define gBo to be the space of boundary functions 
which lie in ~%a and which have finite Q,,-norm. If Z is any linear space of 
functions on DC, we define @o to be the completion of 9ao n 2 in the B-norm. 
LEMMA 6.9. Cc”(@) CGSBo . 
Proof. Clearly A(f) is finite for any test function f on a”. Axiom K3 insures 
that the K-norm off is finite. The U-norm off is finite since the essential 
supremum of (P(x, a): x E D and z E supp f} is finite. Furthermore, 
and this expression is finite since f has compact support in B”. 
LEMMA 6.10. Suppose K(x, y) > 0 a.e. If Z is preserved under normalized 
contractions, then Big is a Dirichlet space relative to L2( Jo P(x, -) dx). 
Proof. @o is the closure of ~2ao n Z in 9B and gBo n Z is preserved under 
normalized contractions. By the remarks preceding Lemma 6.8 and by Corollary 
2.3, the result is immediate. 
THEOREM 6.4. Suppose Z is a linear space of functions on DC such that whenever 
f lies in 2 and A(f) is jinite, H, is harmonic on D. Then for any f in 9iQ , there 
exists a function Zf in 5BH such that &$ solves the generalixed Dirichlet problem 
for the boundary function f. M oreover, the following inequality holds: 
Proof. Since f is in @o , there exists a sequence of functions f,, in 9so r\ Z 
such that fn converges to f in B-norm. By Theorem 6.3, 11 H, II = 
(l/d2) lifn hJ+K for all n. Furthermore, for any n, 
II H,,$ = : llfn 16,~ + t s 
D 
H;,, dx + f jDCf&)’ j-DP(x, x) dx dz n 
< 4 llfn II;+K + :A(fn)‘. 
Since 9H is complete, there exists an element X? in 9H such that Hf, converges 
to #f in H-norm. Since the H-norm is larger than the Dirichlet norm, the result 
follows if we can show that A$ is harmonic on D. Since 2f has finite Dirichlet 
norm, for any test function g on D we have 
lg. Xf> = Q(g, Hf,) = 0. 
40916313-8 
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The following spaces are possible choices for 2 in Theorem 6.4: Lr(P) (see 
Theorem 6.1), L”(Dc) ( see Theorem 6.1 or Lemma 6.2) L’(P) nLl(p) (see 
Theorem 6.2) or Lp(Dc) n Ll(p) ( see Theorem 6.2), where p is the measure on 
DC defined by 
Theorem 6.4 gives a solution to the problem posed after Lemma 6.8. Indeed, 
cztQj$+9& by f-3$, and moreover, Z is a bounded transformation. 
Furthermore, if K(x, y) > 0 a.e. and 2 is preserved under normalized con- 
tractions, as it is in the preceding examples, 9fo is a Dirichlet space relative to 
L2( ./D P(x, .) dx). 
We will now proceed to investigate the Dirichlet norm of Hf when Hf is 
essentially bounded on D. The next lemma shows that Hj may be bounded on D 
even though f (3) grows quite rapidly as 1 x 1 + + co. 
LEMMA 6.11. If there exists a constant C such that 
.r IfC4lK(r, z>dz G WY>, DC 
then Hl,l is essentially bounded on D. 
Proof. 
HI&) = j- G(x, Y> dr j- If@4 K(Y, 4 dz 
D DO 
< C 
.r 
m(y) G(x, y) dy = C a.e. 
D 
LEMMA 6.12. Suppose that Hf has Jinite Dirichlet norm and Hf is essentially 
bounded on D. Then for any test function g on D, the following three expressions 
are equal. 
(i) lim, SD gT,,Hf2 dx, 
(ii) lim, - jDdx> .b V&(x) - H,(Y))~ K@,Y) dydx, 
(iii) - SD g(x) .I& W&) - H,(yN2 K(x, Y) dy dx. 
Proof. We have 
j” gTv&’ dx + j- g(x) j- P,(x) - H,(Y))~ Kn(x, Y) dr dx 
D D E" 
= 2 s gHfT,Hj dx. 
D 
By Lemma 4.2, gH, is in 9,, and therefore the right side of the last equation 
tends to zero as n tends to infinity. Since K,, < K and Hf has finite Dirichlet 
norm, dominated convergence applied to the integral in (ii) yields the result. 
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LEMMA 6.13. Suppose H, has finite Dirichlet norm, f has$nite J-norm and HI 
is essentially bounded on D. Then for any test function g on D, 
= lim - 
I 
gT,Hf2 dx 
?I D 
- 
- (I’@, z) P(x, w) - 
The existence of the last limit in the above equality is part of the conclusion. 
Proof. As seen in Lemma 6.4, 
II (f(x) -f(w))’ P(x, z) P(x, w) dz dw = 2(H,&) - H,zW. 
DC DC 
Therefore, integrating against g(x) m,(x), we obtain 
j 
D 
g(444 dx j j (f(4 -fW)“~(x, 4% WI dzdw 
DC DC 
= 2 jD&) m&) (f+(x) - H,W dx. 
(1) 
Since the ]-norm off is finite, the limits, as n tends to infinity, of these last 
two integrals exist. 
Now, since H,z = H,* on DC, 
lip jD g(x) TJWx) dx 
= lim - 
s D A4 T,#$ - H;) 13 dx 
=liL-jDg(x)dx/ D W&4 - H,2(4 - Hfa(y) + H;(Y)) K,(x, Y) 4 
+ l$n - jDg(x) (H,2(x) - H,2(4) m&j dx. (2) 
By Lemmas 6.4 and 6.12, all limits in equation (2) exist. 
It follows from the first line of the proof that 
J-j (f(4 -f(w)>” (P(x, 4 f’(x, 4 - J=(Y, 4 P(Y, 4) d.z dw 
DC DC 
= V$&) - Hfa(x) - f+(y) + H,~(Y)). 
Combining expressions (l), (2) and (3) yields the result. 
(3) 
650 EDWARD DOUGHERTY 
DEFINITION 6.8. For every boundary functionf and for every test function g 
on D, we define R,(g) to be the following limit, whenever the limit exists. 
COROLLARY 6.2. Let {g,} be a sequence of test functions on D such that 
0 < g, < 1 and such that g, increases to 1. If Hf has finite Dirichlet norm, f has 
Jinite J-norm and H, is essentially bounded on D, then 
‘i !I .fll: = 1 j 
D Em 
(H&4 - HAY))’ K(x, Y> dy dx - l@ &(g,)- 
The existence of lim, Rf(gn) is part of the conclusion. 
Proof. By bringing the limit inside the integral in the previous lemma and by 
applying Lemma 6.12, we have for all n, 
B j gn(4 44 dx j- 1 Cf (4 - f (4)” PC,, 4 J’(x, 4 dx dw 
Df s 
DC DC 
= g,(x) (H,(x) - HAyN2 I+, Y> dr dx - R&J. 
‘D E” 
Letting n tend to infinity yields the result, including the existence of lim, Rr(g,). 
In the previous corollary, the limit of Rf(g,) is independent of the particular 
sequence {gp2}, so long as 0 < g, < 1 and g, increases to 1. Therefore the follow- 
ing definition is justified. 
DEFINITION 6.9. Suppose Hf has finite Dirichlet norm, f has finite J-norm 
and Hf is essentially bounded on D. We define 
E(f) = li,m R&A 
where {g,} is any sequence of test functions on D with 0 <g, < 1 and g, 
increasing to 1. 
COROLLARY 6.3. If Hf has finite Dirichlet norm, f has jinite (Ii + K)-norm 
and H, is essentially bounded on D, then 
II HY II2 = ii llf l/L+K + -l&(f)- 
Proof. By Lemma 6.3, the J-norm off is finite and the previous corollary 
applies. Substitution of the previous corollary into equation (ii) of Lemma 6.4 
then yields the result. 
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LEMMA 6.14. Suppose u is integrable on D and u vanishes on DC. Then for all n, 
s T,,u dx = s urn, dx. D D 
Proof. Since u is integrable on D and K, is bounded, we may apply Fubini’s 
theorem to obtain 
- jD dx s, (+> - U(Y)) K&G Y> dr = f, dy s, WY) - U(X)> K&P Y> dx, 
implying that both integrals are zero. Since 
T,44 = JD (44 i U(Y)) K,(x, Y) 4 + 44 m,(x), 
integrating T,u over D yields the result. 
We will now demonstrate an analogue of a theorem of Doob, Theorem 1.7. 
THEOREM 6.5. Suppose A(f) is finite. Furthermore suppose that for any g in 
L’(D), 
lip 1 gT,Hr dx = 0. 
D 
Then we have 
(9 Ilf IIU+K < +co implies II H, II = (l/d/2) /[ f /Iu+x and conversely, 
(ii> II f&l/ < +a implies II Hf II = (l/d> Ilf IIu+K . 
Proof. We will first show (i). Since the U-norm off is finite, Lemma 6.4 
implies that the J-norm off is finite, and as seen in Lemma 6.4, 
I D 
(Hfa - HF) m dx = a Ilf II?. 
NOW by the previous lemma, 
lim 
s n D 
T,Hf2 dx = -1im s n D 
T,JH,z - H,2) dx 
= -1im 
I n D 
CHp - Hf2) mn dx = - 4 I( f 11: . 
Since A(f) is finite, Hf lies in L2(D) and therefore 
lim 
s ?a D 
HrT,,Hf dx = 0. 
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Hence we have 
lim 
n s 
T,H,” dx .-; lim ” dx 1 
! J (44 - WYMH&) + WY)) Kz(x, Y) dy 
D 
?I 
D FL 
= lim 
J J dx n 
D 
Irn W,(x) - H,(Y)) WY) KG, Y) dr. 
However, by a similar manipulation, the last limit is equal to 
-1im dx n s i (H,(x) - H,(Y))~ K(x, Y> dr D Em 
and this last limit is equal to 
- 1s (H,(x) - HAyN2 K(x, Y> dr dx 
D Em 
by monotone convergence. Therefore 
+ llfll; = j j WA4 - H,(Y))’ W, Y) 4 dx. 
D Em 
We may now conclude that H, has finite Dirichlet norm. Since f has finite 
U-norm, we may apply equation (ii) in Lemma 6.4 in order to obtain (i) in the 
present theorem. 
We will now show (ii). Let Hf have finite Dirichlet norm. Then f obviously 
has finite K-norm. As above, 
3 Ilf II? = 1 j” W,(x) - fMyN2 K&Y) dy dx, 
D Em 
which is finite. Furthermore, by Lemma 6.4, 
+ llf 11; = Jb (HP - Hf2) m dx. 
Referring to the proof of Lemma 6.4, we see that f has finite U-norm. Therefore 
f has finite (U + I()-norm and the result follows by part (i). 
We will now return to the problem posed after Lemma 6.8. We will now 
assume, however, that we are dealing with functions whose Poisson representa- 
tions are harmonic in the sense of the previous result, Theorem 6.5. In this 
direction, we make the following definition. 
DEFINITION 6.10. A function defined a.e. on Em is said to be harmonic on D 
in the L2-sense if for every g in L2(D), 
lim 
s 
g T,u dx = 0. 
n D 
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It should be noted that there are conditions under which there exist functions 
which are harmonic on D in the L2-sense. Indeed, Lemma 6.1 is stated for 
functions g in L2(D). Therefore Theorem 6.1 can be appropriately modified to 
yield a result in which H, is harmonic on D in the L2-sense. 
DEFINITION 6. I 1. Suppose Z is a linear space of functions which are defined 
a.e. on DC. We define .9Bz to be the completion of ~9~ n 2 in the B-norm. 
THEOREM 6.6. Suppose Z is a linear space offunctions on DC such that whenever 
f lies in Z and A(f) is Jinite, H, is harmonic on D in the L%ense. Then for any f 
in BBz, there exists a function Xf in BH such that Z$ solves the generalized Dirichlet 
problem for the boundary function f. Moreover, we have the following inequality. 
I! & IIH G (1114 llf lb. 
PYOO~. The proof is similar to that of Theorem 6.4 but we apply Theorem 
6.5 instead of Theorem 6.3. 
Theorem 6.6 is similar to Theorem 6.4 in that it describes a situation in which 
we would have a bounded transformation from a boundary space to .9H which 
yields solutions of our generalized Dirichlet problem. 
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